Magnetorheological fluids consist of micron sized iron particles mixed in a carrier fluid, and are commonly used in adaptive dampers. Current simulations of MR fluids have been limited to thousands of particle and have been unable to simulate a a practical fluid volume (∼ mm 3 ) with a high solids loading (∼ 25 vol %). In this paper, we use NVIDIA's CUDA programming environment to simulate over one million particles. Using these simulations, we can dynamically simulate chain formation and restructuring in a practical millimeter scale fluid volume with realistic solids loading. The chain structures can be characterized in terms of extent and number, as well as obtaining physical metrics such as yield stress. Characteristic connectivity value
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INTRODUCTION
Magnetorheological (MR) fluids and electrorheological (ER) fluids are non-Newtonian fluids consisting of polarized particles suspended in a carrier fluid, such as silicone, hydrocarbon based oils, glycol or hydraulic oils. In the case of MR fluids each 3-10 micron diameter ferromagnetic particle has an associated dipole. Upon application of the field, the dipoles align and interparticle forces cause chains to form. Those chains alter the fluid by increasing the viscosity. The shear stress thus becomes field dependent. A key characteristic of the shear stress vs. shear rate or flow curve, is the yield stress. The yield stress is field dependent and defined as the shear stress intercept of the high strain rate asymptote. MR fluids have found applications in dampers, clutches and any other area where a controllable fluid is desired [1] [2] [3] .
Simulations are a common method of understanding the chain dynamics and how the particle structure changes. Klingenberg has a series of papers on ER fluids [4] [5] [6] that covers the basics of many of the interactions in an MR fluid. Ly et. al. present an advanced method for computing the magnetic moment, including multipole effects [7] . Spinks uses simulations to examine chain structure under a variety of fluid flow profiles [8] .
Han, Feng and Owen do simulations on the particle dynamics as well as examining the fluid dynamics of the carrier fluid [9] . Mohebi and Jamasbi investigate how particle chains aggregate to form thick columnar structures [10] . Ido examines the effects of non-magnetic particles and spherocylindrical particles [11] .
However, these simulations have not been extended to a full MR damper, which has the active fluid in a representative annular channel that is 10mm long, 1mm wide with a radius of 25mm. Representing a full damper would allow for the analysis of the fluid entrance and exit flows, as well as capturing the transient forces and microstructure changes. Considering the rotational symmetry, a representative fluid volume would be 10mm × 1mm × 1mm. With particles of radius a = 3.5µm at a volume fraction of φ = 0.35, a simulation would require approximately 2 × 10 7 particles.
Existing simulations, using approximately 5000 particles, are too small scale to represent a fluid volume of that size. There are also few good numerical methods for analyzing chain formation at this scale. The standard method for examining the chain formation is looking at particle position time histories are used to show how the chains have formed, as well as the mean length of the chains. While snapshots of particle locations are useful for smaller numbers of particles, they do not scale well to domains having a million particles or more. Similarly, quantities such as mean chain length are dependent on the geometry of the simulation volume, so the values are not scale independent.
This paper aims to show the feasibility of simulations at length scales approaching a millimeter and with over one million particles. To achieve this goal, we ran our simulation code on a commercial graphics card, using NVIDIA's general purpose graphics processing unit programming (GPGPU) environment, CUDA. NVIDIA claims speedups of up to two orders of magnitude over traditional single processor code [12] , and we use that ability to run two orders of magnitude more particles than existing simulations [5, [7] [8] [9] [10] [11] . To analyze the particle chain formation, we measure the chain length and connectivity, and nondimensionalize the results by comparing it to an ideal case.
MAGNETORHEOLOGY
MR fluids are magnetic particles suspended in a carrier fluid. Particles are typically made out of iron, cobalt, nickel or an alloy of these. Particle concentration is measured using volume fraction, φ , which is the ratio of particle volume to bulk volume. Under the application of an external magnetic field, H 0 , particle chains form in the fluid and the fluid thickens. One of the standard descriptions of an MR fluid is as a Bingham plastic, described by
where τ is stress, τ y is yield stress, andγ is shear rate. A typical MR device has the fluid flowing through a small millimeter scale gap. There are two typical flow profiles for flow through this gap, a shear mode (Couette flow) and a flow mode, (Pouisieulle flow). In shear mode, which is studied here, the upper surface of the gap is moving, causing a linear flow profile. Assuming a no slip condition at the walls,
where y is the distance from the stationary wall, and e x is a unit vector pointing in the x direction. MR fluids are typically simulated as paramagnetic spherical particles suspended in a non-magnetic viscous fluid under an external magnetic field. The magnetic field induces a magnetic moment in the particles, whose interactions cause chains to form in the fluid. Typically the induced moment is modeled as a dipole, but Ly [7] employs the fast multipole method to compute higher order effects.
A qualitative diagram of chain formation is presented in Fig.  1 . In the absence of field, the particles are suspended in the fluid at random. Upon application of field, the particles form chains from top to bottom. These chains are the mechanism by which force is applied to the upper plate. Under shear, the particle chains whose ends are pinned to the upper and lower surfaces become strained, and eventually break. As the broken portion travels, it will eventually reconnect to form a new chain. 
SIMULATION MODEL
Magnetorheological fluids can be modeled using finite element analysis, or a discrete element approach, where the equations of motion of the iron particles are integrated. The discrete element method allows investigation of the chain forming dynamics of the particle, which helps give insight into the mechanics of the fluid.
The primary forces affecting the particles are magnetic, collision and hydrodynamic forces. Other factors, such as buoyancy force and Brownian motion can be neglected, without loss of generality, according to Klingenberg [4] . Climent and Maxey present a model with Brownian motion as well as fluid disturbances caused by particle movement [13] .
Fluid Volume
The simulations in this study use a cubic simulation volume. The external field H 0 points in the positive y direction. The upper surface shears in the positive x direction, in the direction of fluid flow. Particles touching the upper and lower surfaces are pinned. All other surfaces have periodic boundary conditions. Figure 2 shows the layout of the simulation volume used in this study with fluid flowing according to (2) . Shear stress, τ, is the sum of all forces in the x direction on the upper layer of pinned particles divided by the area of the upper surface.
FIGURE 2. SIMULATION VOLUME

Magnetic Forces
Starting from Maxwell's equations for magnetic fields, and observing that there are no currents or charges, we can write Maxwell's equations: ∇ × H = 0 and ∇ · B = 0. If we assume that the permeability of the medium, µ, is linearly isotropic, H and B are related by
If a point dipole i is inserted in the field with magnetic moment m i , at point r i relative to the dipole, the emitted field is
where r i = ||r i ||. The force on a point dipole, m j , from point dipole, m i , can be computed from
Let r i j be the position of particle i relative to particle j. Using (4) and (5), we get,
Each dipole also produces a torque on the other. The torque on m j from m i is
Since we assume that the particles in the fluid are paramagnetic beads which have no intrinsic magnetic moment, the magnetic moment is always aligned with the field and there is no torque. As a result, the rotational dynamics of the particles are ignored.
Magnetic Moments
Magnetic susceptibility is the ratio of permeabilities of a material. There also exists an effective susceptibility, χ eff , which is the amount the particle will actually be magnetized:
For a linearly susceptible material in a magnetic field, the magnetization, M is related to the H field through susceptibility, χ, according to
Assuming a constant external field, integrating over the volume of the particle yields the magnetic moment, m.
Unfortunately, the presence of other dipoles in the MR fluid means that the field is not constant throughout the particle. Exact solutions are possible, revealing extensive multipole effects [14] . These are extremely expensive to compute, and are impractical for the high particle count simulations we are doing. Two common approximations for the exact solution are the fixed dipole method and the mutual dipole method.
In the fixed dipole model, where the field from other particles is not considered, we have
Since the strong external field contributes most of the energy of the magnetic moment, it is fairly accurate for particles far away from each other, but at distances less than a diameter it becomes inaccurate. A more accurate version is the mutual dipole model. In the mutual model, the magnetic moment calculation considers the contributions from it's neighboring particles. Here, m k i is the value of m i on the kth iteration. We have,
Equation 12 converges rapidly, with a relative error of 10 −5 within 3 iterations. Han, Feng and Owen show [9] that this model results in a 77.78% increase in peak attractive force, and a 20.99% decrease in peak repulsion force. Experimental measurements by Gast show the importance of this effect [15] . Qualitatively, the mutual dipole model leads to an increase in particle chains agglomerating to form thicker strands.
Repulsive Forces
To keep the particles separated, a repulsive force must be applied. In MR fluid simulations, two popular choices are some sort of hard spring repulsion and an exponentially decaying repulsion potential. The hard spring model can be parameterized by k, a repulsion constant, and n a power for the spring. 
Since there is no force at the particle boundary, one of the downsides of this model is that there is some degree of overlap between particles. In order to keep the level of overlap small, the spring must be extremely stiff, causing difficulties in integration.
The exponential-decay model solves both of these problems. At the particle boundary it provides the required force to keep the particles separated and since it extends outside the particle boundary, it is much softer and thus easier to integrate. The exponential decay model is
It is described by Q i j , the magnitude of the maximum attractive force, and a repulsive spring constant k. The value of Q i j can be computed from (6), and yields
A flaw of the exponential decay model is that it emits a force outside the particle, and so moves the bottom of the repulsion potential away from the surface of the particle. While this distance is not large, it can have substantial effects. Small scale numerical experiments showed that for values of k = 12, this separation inhibited chain agglomeration, making it more likely that more the particle chains to be thin monofilaments. The observed effects on fluid stress were small. For the large scale CUDA simulations described below, we use the exponential decay model with k = 20. 
Hydrodynamic Forces and Equations of Motion
The hydrodynamic force used here is Stokes Drag, because we are dealing with an extremely small particle in a fluid with an extremely low Reynolds number (10 −2 ) . This is a common choice for these simulations [4] [5] [6] 9 ]. We have
The equations of motion for a particle in an MR fluid are
Since the mass of the particle is extremely low, on the order 10 −10 g, and the force on the particle is on the scale of 10 −6 N, the left-hand side of (17) is extremely small. A similar analysis can be done on the Reynolds number, Re, which is around 10 −2 , showing that viscous forces dominate inertial forces. Setting the left hand side equal to zero, we now have a balance of forces that needs to be solved. Observing that magnetic forces and contact forces are solely functions of relative particle position, and we can solve for velocity using (16) and (17) .
We use this simplified equation to integrate particle trajectories using the trapezoidal method. The trapezoidal method is a second order solver, and its simplicity make it ideal for computation on the GPU.
SIMULATION RESULTS
Simulations were run on a NVIDIA GTX 480. All steps in the integration process were performed on the GPU using single precision floating point values. Particle initial conditions are set randomly and then initial overlaps are resolved using a linear spring model. All simulations were done with µ f = µ 0 = 4π10 −7 Observe that the longest range interaction is the induced magnetic moment, which scales with r −3 . So considering an infinite one dimensional particle chain, the force scales with the sum
Truncating the sum in (19) after four terms yields a value with relative error of 2.02%. Consequently, a cut off radius for particle interactions, R c , was set to 8a. We use three iterations of the mutual dipole model to solve for the magnetic moment. All simulations were conducted at a volume fraction of φ = 0.250 (25 vol%) across four orders of magnitude, allowing us to compare runs from N = 10 3 to N = 10 6 . Table 1 presents the size of the cubic simulation volumes and the execution time per timestep on a GTX 480 for each order of magnitude. Figure 3 is a screenshot of the program graphical output.
Non-dimensional Chain Metrics
Measuring the chain structure is extremely difficult for large particle counts. As Fig. 3 shows, it is quite difficult to distinguish which particles are connected to what, and the finer details of the chain structure. Metrics such as chain length and connectivity are highly dependent on the geometry of the volume [7] . Other metrics, such as the Christiansen uniformity coefficient, have proven ineffective [11] . We consider particles i and j to be connected if r i j < 2.2a. Connectivity, c, is the total number of connections, and mean chain length, L, is the mean size of the graphs formed by particle connections.
If we consider a simulation volume spanned by single width monofilament chains spanning top to bottom, we can compute characteristic values of connectivity and chain length. We have
and
These values allow us to compute a non-dimensional value of connectivity, c/c 0 and a non-dimensional chain length L/L 0 . Non-dimensional connectivity is an improvement over mean connectivity as it reduces the effect of simulation volume height limiting the length of chains. Similarly, non-dimensional chain length is an improvement over the raw value as it allows comparison of chain lengths in different height simulation volumes. Figure 4 plots the steady state non-dimensional chain length versus shear rate for different particle counts. If there were only monofilament chains we would expect a value of L/L 0 = 1. There is an approximate steady state value of L/L 0 = 3.5, indicating that each chain has the length equivalent to three monofilament chains. This high value is a strong indicator of chain agglomeration into thick columnar structures. Figure 5 is a time history of non-dimensional chain length at a shear rateγ = 200s −1 . It shows how an increase in N at a constant volume fraction gives smoother data while having similar non-dimensional values. Figure 6 plots steady state non-dimensional connectivity versus shear rate across simulation scales. Under the monofilament assumption, we would expect of a value of c/c 0 = 1. At low shear rates, we observe a value of c/c 0 = 1.15 indicating that initially the number of adjacent particles is consistent with the monofilament model. However, connectivity increases at high shear rates, reaching 1.7, indicating that more particles are in contact as the fluid is sheared, and thus in a thicker columnar structure. The rise in connectivity with N could be explained by the mechanism reported in [10] , where increases in simulation volume height helped single strand chains zipper together to form thick columnar structures. Figure 7 plots the time response of non-dimensional connectivity at a shear rate ofγ = 500s −1 . There is an initial plateau at t = 0.2ms of c/c 0 = 1.2 followed by slow rise in value as the chains are sheared, approaching a value of c/c 0 = 1.8. This indicates that thin chains form initially and then come into contact with many more particles as they are sheared. Figure 8 plots peak stress versus shear rate across the same simulation scales as Fig. 4 and 6 . Expected yield stress for a fluid of our parameters would be in the 5 kPa range [16] , so the simulated result of 6 kPa is consistent with these results. This is consistent with experimental evidence that at low field strengths dipole models are sufficient [15, 17, 18] . The shape of the shear stress vs. strain rate (flow) curve is similar to those measured experimentally [19] . Figure 9 plots stress versus time at a shear rate ofγ = 500s −1 , illustrating how higher particle counts result in smoother time histories. In low particle count simulations, the consequences of a chain breaking are more significant because the number of chains is smaller.
CONCLUSION
This paper demonstrates the feasibility of simulating one million particles with NVIDIA's CUDA programming environment. We were able to compute properties such as yield stress, chain number and edge number using simulation results. These non-dimensional parameters for measuring the chain formation of the fluid were created to gain insight into the microstructure of the fluid across simulation scales.
1. Stress calculations show that our present method generates stresses of 6 kPa which are consistent with the values of 5 kPa we would expect from [16] .
2. The non-dimensional connectivity and non-dimensional chain length are effective metrics of chain formation and are independent of simulation scale. These values indicate that thick columnar structures are forming in the fluid. We used these metrics to determine that the response time for chain formation at an external field strength of 100 kA/m was nominally 0.2 ms.
Future work includes examining the response of stress, chain number and edge number to fluid parameter such as external field strength, and particle size, as well as sensitivity of the simulation results to modeled physics.
